GAUSSIAN PROCESSES
EXERCISE SHEET 4: SOME BITS OF ENTROPY

Exercise 1 (Two entropic inequalities). Let X, Y be i.i.d. discrete random variables with entropy
H(X).
e Prove that P(X =Y) > 2~ HX),
e Prove that H(X +Y) > H(X). When does equality hold? Does the inequality necessarily
hold when X, Y are not independent?

Exercise 2 (Differential entropy can be infinite). Find an ezample of an R-valued random variable
X with density such that H(X) = —oco and such that H(X) = co.

Exercise 3 (A maximum entropy distribution). Prove that the entropy of any probability distribu-
tion on [0,00) with density and mean m > 0 is less than logy e + logy m. When does the equality
hold, i.e. what is the maximum entropy distribution on [0,00) of mean m?

Exercise 4 (Entropy lower bound for optimal coding). Prove that if W1,..., W, are prefiz free
words on 0-s and 1-s, encoding the outcomes of a random variable X on an n-element space, then
H(X) < E|Wx|. You may need the following so-called Kraft inequality: for any set of permitted
codewords Wi, ..., Wy, we have that ;" 2-IWil < 1.

Exercise 5 (Shannon’s characterization of entropy (Not Examinable)). For each n € N, and
probabilities p1,...,pn on an n-state probability space, we consider functions Hp(pi,p2,---,Pn)
with the following properties:

(1) For each fixred n € N, H,, is continuous with respect to (P1y- -y Pn)-
(2) The entropy of the uniform distribution grows with n: for n > m,

o (o d) > Hy (L 1)
(3) If some outcome is decomposed into two possibilities, the entropy is a weighted sum; that
is, for any n € N and for all probabilities (p1,...,pn+1), we have

Hn+1(p1, s apﬂvanrl) = }Nln(pla ce oy Pn +pn+1) + (pﬂ +pﬂ+1) ‘H2<

DPn Pn+1 )
Pn + Pnt1 ’ Pn + Pn+t1
Prove that, up to a multiplicative constant, Hy(p1,...,pn) agrees with the entropy H(X) of a

random variable X on {1,...,n} that takes value i with probability p;.
[Spoiler: Appendix 2 in Shannon’s paper.]



